We present a reentrant phase transition in a bridging model between two different topological models: Kitaev and Haldane chains. This model is activated by introducing a bond alternation into the Kitaev chain [A. Yu Kitaev, Phys.-Usp. 44 131 (2001)]. Without the bond alternation, finite pairing potential induces a topological state defined by zero-energy Majorana edge mode, while finite bond alternation without the pairing potential makes a different topological state similar to the Haldane state, which is defined by local Berry phase in the bulk. The topologically-ordered state corresponds to the Su-Schrieffer-Heeger state, which is classified as the same symmetry class. We thus find a phase transition between the two topological phases with a reentrant phenomenon, and extend the phase diagram in the plane of the pairing potential and the bond alternation by using three techniques: recursive equation, fidelity, and Pfaffian. In addition, we find that the phase transition is characterized by both the change of the position of Majorana zero-energy modes from one edge to the other edge and the emergence of a string order in the bulk, and that the reentrance is based on a sublattice U(1) rotation. Consequently, our study and model do not only open a direct way to discuss the bulk and edge topologies, but demonstrate an example of the reentrant topologies.
I. INTRODUCTION
The Kitaev chain [1] has been attracted much attention because of a topological aspect associated with Majorana fermions [2] in condensed matters. In this model, every real-space fermion is transformed into Majorana fermions, and the Hamiltonian can be rewritten by a canonical form constructed by paired Majorana fermions. Since a pair of Majorana fermions corresponds to a fermionic number operator, a coupling constant plays the role of chemical potential of the fermions. Kitaev has indicated existence of unpaird Majorana fermions on the edges of an infinite-length chain [1] , that is, an emergent zero-energy mode called Majorana zero mode (MZM), which changes the fermionic parity. The MZM appears if the Majorana number defined by ±1 has the non-trivial value (−1), and thus the phase with MZM is regarded as a Z 2 topological phase defined by the Majorana number.
This model is also obtained by the Jordan-Wigner transformation of an XY-type spin-1 2 chain with nonzero XY anisotropy. The ground-state degeneracy of MZM corresponds to that of Néel states, | ↑↓↑ · · · ↓ and | ↓↑↓ · · · ↑ . Another topology has been reported by Hatsugai [3] in Heisenberg spin chain with a bond alternation but no anisotropy. This model is so-called the spin-Peierls model [4] [5] [6] [7] [8] , which also corresponds to the Su-Schrieffer-Heeger (SSH) model [9] [10] [11] . The preceding study [3] has shown that an emergent alternating Z 2 topological order defined by local Berry phase in a * Electronic address: sugimoto.takanori@rs.tus.ac.jp † Present address: Department of Basic Science, University of Tokyo, Meguro, Tokyo 153-8902, Japan valance-bond solid is regarded as a dimer-singlet ground state. In addition, this phase is smoothly connected to that in a spin chain whose nearest-neighbor interaction altenates between ferromagnetic and anti-ferromagnetic.
Since the ground state of the alternating spin chain is equal to the Haldane state of the S = 1 one-dimensional spin system [12] , the Z 2 topological order originates from a string order emerging in the Haldane chain [13] [14] [15] [16] .
Another recent study on the Haldane chain also reported that this S =(an odd integer) Haldane chain is classified as a symmetry-protected topological phase [17] , where the Majorana number is trivial, M = 1. Therefore, the bond alternation can activate a Z 2 topologically-ordered phase in the Kitaev chain, and a phase transition between the two different Z 2 topological phases is expected. In this paper, we thus investigate effects of the bond alternation on the topological phases. Recently, some pioneering works on this effects have shown the phase diagram with a topological transition [18] [19] [20] [21] . In these studies, an SSH-type ground state has been reported with a determination of symmetry class, which is the same as the topological state with an MZM. However, these studies have not mentioned the topological properties of bulk, and thus, in this paper, we make it clear with an extended phase diagram obtained by alternative approaches.
The contents of this paper are as follows. In Sec. II, we present the spinless-fermion Hamiltonian of Kitaev chain with bond alternation under open boundary condition. The Hamiltonian of Majorana-fermions and S = 1 2 spins are also obtained by exact transformations. Additionally, we mention two limits of this model: finite pairing potential without bond alternation and finite bond alternation without pairing potential, where the Majorana number is regarded as a topological invariant. The section III is devoted to system-size parity and phase diagram defined by the Majorana number in the plane of the pairing potential and the bond alternation. Phase boundaries are determined by three techniques: recursive equation, fidelity, and Pfaffian of the Majorana fermions. In these calculations, we obtain the phase boundaries consistent with a change of the Majorana number caused by switching the position of Majorana edge modes. Furthermore, we discuss dispersion relation with relation to a winding number of the spinless fermions, and show a change of string order though the topological transition numerically obtained by variational matrix-product state (MPS) method in Sec. IV. In the dispersion relation, we find a characteristic difference between two phase boundaries. In Sec. V, summary is given with a comment on potential application of our system.
II. MODEL
We consider the Hamiltonian of an N -site Kitaev chain with bond alternation given by,
where γ and λ are bond alternation and normalized pairing interaction, respectively. The creation and annihilation operators of jth-site spinless fermion are represented by c † j and c j .
We take the open boundary condition for the chain.
The Hamiltonian (1) can be exactly mapped into two models: a Majorana fermion model and a spin- 
where the Majorana fermions have anti-commutation relation, {a i , a j } = {b i , b j } = 2δ i,j and {a i , b j } = 0. The Jordan-Wigner transformation, c j = e iφj σ − j , and its Hermite conjugate give the latter model: (σ x ± iσ y ). To comfirm the presence of MZM, we rewrite the Majorana Hamiltonian (2) as the following canonical form: 
where Υ c is a diagonal matrix with singular values 
corresponding to the number operator of the fermion de-
, we can say that there is a zero-energy fermion constructed by the two Majorana operators a ′ k0 and b ′ k0 . This is thus an MZM. At γ = 0, the condition for the MZM with ǫ k0 = 0 corresponds to the following recursive equations:
with Λ = (1 − λ)/(1 + λ) and boundary constraints u k0,2 = u k0,N −1 = 0 and v k0,2 = v k0,N −1 = 0. (8) In the N = 2n + 1 system (n ∈ N), there are always solutions such as u k0,2i = 0 and u k0,2i+1 = (−Λ) i u k0,1
The presence of the solution is a consequence of the Kramer's doublet due to half-integer magnetization in the odd-number N -site spin system.
If N is even and finite number, there is no solution for MZM except for λ = ±1. For Λ = 1, however, a coupling energy exponentially decreases with increasing the system size, leading to ǫ k0 = 0. Therefore, we find solutions for MZM in the thermodynamical limit N → ∞ keeping N even. In this case, the Majorana fermion a ′ k0 localizes at one edge and b ′ k0 localizes at the other edge, because their amplitudes u k0,j decreases if v k0,j increases with increasing j, and vice versa. This MZM constructed by the Majorana fermions localizing at the edges is important for exhibiting a non-trivial topological number, i.e., Majorana number M = −1 defined by Pfaffian. Hereafter, we call MZM constructed by a Before discussing topological transition in our Hamiltonian, we explain the case for λ = 0, that is, a bondalternating isotropic XY spin chain. Finite bond alternation 0 < γ ≤ 1 gives rise to valance-bond solid in the ground state, where singlet is locally constructed on the bonds with larger exchange interaction (1 + γ)t/2. This phase is smoothly connected to that in the region of γ > 1, where the ground state is similar to the Haldane state of the S = 1 one-dimensional spin system, because neighboring bonds alternate between ferromagnetic and antiferromagnetic ones. This state has topological order defined by local Berry phase, known as symmetryprotected topological phase [17] , where the Majorana number is trivial, M = 1. Therefore, our model has potential for phase transition between the MZM phase and the Z 2 topologically ordered phase similar to the Haldane state.
III. TOPOLOGICAL PROPERTIES OF MAJORANA FERMIONS
In this section, we discuss phase transition between the MZM phase and the Z 2 topologically ordered phase. We use three techniques: recursive equation to obtain a solution of the MZM, fidelity around the critical point, and Pfaffian for the twisted boundary condition in each phase.
A. Recursive equation
We start with the recursive-equation analysis on the topological transition [22] . Similar to the case of γ = 0, the recursive equations for MZM is obtained by the singular-value decomposition as follows,
where Γ j = (1 − γe iπj )/(1 + γe iπj ) and boundary constraints are the same as Eq. (8) . There are two possible modes for each type of MZMs, i.e., an even-site mode where u k0,2i−1 = 0 for the a-type MZM (v k0,2i−1 = 0 for the b-type MZM), and an odd-site mode where u k0,2i = 0 for the a-type MZM (v k0,2i = 0 for the b-type MZM) with
If N is even, we impose a fixed-end boundary constraint on the left (right) edge for the even-site (the oddsite) mode. In this case, the equations in (9) give the following four cases, provided that neither
we find two solutions in the thermodynamical limit N → ∞: the odd-site mode with u k0,2i+1 = (−ΛΓ 1 ) i u k0,1 and the even-site mode with v k0,N −2i = (−ΛΓ 1 ) i v k0,N . Thus, the a-type and b-type MZMs localize on the left and right edges, respectively.
The number of solutions in this case is not two but four. The boundary constraints allow both evensite and odd-site modes for each type of MZMs. Therefore, there are both the a-type and b-type MZMs on both edges. Figure 1 shows phase diagram for the γ-λ plane, where each phase represents the corresponding case mentioned above as indicated by the number in each phase. We note that this phase diagram is an extended version of Ref. [18] , i.e., we determine phases in the region of |λ| > 1 and/or |γ| > 1 by extending the region near |λ| = |γ| = 1 [23] .
In Fig. 1 , we find that the phase boundaries are composed by not only |λ| = |γ| but |λ| = |γ| −1 . The phase boundary |λ| = |γ| terms in (3), which means a duality between two points locating at λ > 1 and 0 < λ < 1 in the phase diagram. Similarly, the global rotation of odd bonds R z = j R z j (j = 1, 2, 5, 6, 9, 10, · · · ≤ N ) maps the region of γ > 1 to that of 0 < γ < 1. Remarkably, we can see a reentrant phenomenon as the pairing potential λ (the bond alternation γ) increases with fixed γ (λ): e.g., if we change the pairing potential λ from -2.0 to 2.0 with fixed the bond alternation γ = 0.75, we come across four phase transitions and two reentrances to the phase 3. The phase 1 and the phase 4 give M = −1 corresponding to the MZM phase where the a-type MZM is located on one of the edges while the b-type MZM is on the other edge. The phase 2 and the phase 3 give M = 1, which corresponds to the Z 2 topologically ordered phase. If N is odd, MZM always exists because the boundary constraints are imposed on evensite modes. However, the phase boundaries are the same as the case of the even number of N . 
B. Fidelity
To confirm the phase transition, we investigate fidelity defined as Fd(λ, γ; δλ, δγ) = j |u k0,j (λ, γ)u k0,j (λ + δλ, γ + δγ)|, (10) where u k0,j (λ, γ) satisfies the recursive equation (9) for a given bond alternation γ and pairing interaction λ, corresponding to the a-type MZM. Here, we consider only finite-size systems with the odd number of sites, because there is no solution for MZMs in finite-size systems with even number. Since u k0,j is considered as a wavevector of superposing real-space Majorana fermions, the fidelity is expressed in the limit δλ → 0 and δγ → 0 as Fd(λ, γ; δλ, δγ)
(11) If there is a MZM satisfying j |u k0,j | 2 = 1, the fidelity goes to the unity. However, at the point where the MZM disappears, fidelity cannot be defined and shows discontinuity. Furthermore, for small but finite value of δλ and δγ, fidelity sharply drops at the point where the position of MZM changes from one edge to the other edge, be- cause there is only negligibly small overlap between the two MZMs at the left and right edges. Figure 2 shows u k0,j as a function j in the N = 199 chain. At δγ = 0, u k0,j exhibits large amplitude near the left (right) edge for λ = 0.1 (λ = −0.1) as shown in Fig. 2(a) . This is consistent with the behavior of u k0,j expected from the phase diagram (Fig. 1) . Changing λ from 0.1 to −0.1, we have switching of the a-type MZM from left to right edge at λ = 0 where the drop of fidelity appears. This is clearly seen in the inset of Fig. 2(a) . In Fig. 2(b) , u k0,j at γ = 0.75 is shown. Since there are two boundaries at λ = 0.75 and λ = 4/3 along the γ = 0.75 line in Fig. 1 , main amplitude of u k0,j in Fig. 2(b) is located at the left (right) region for λ = 0.7 and λ = 1.3 (λ = 0.8 and λ = 1.4). The drop of fidelity at λ = γ = 0.75 in the inset of Fig. 2(b) is similar to that at λ = γ = 0 because the two points are on the same boundary. On the other hand, the drop at λ = 4/3 comes from different phase boundary in Fig. 1 .
C. Pfaffian
To clarify whether the phase transition does corresponds to a topological transition, we examine the Ma-jorana number when the twisted boundary condition is imposed. We assume that the number of sites is even, because bond alternation cannot be defined consistently in a ring with the odd number.
The twisted boundary condition is introduced by adding boundary Hamiltonian (12) where φ is the phase of twisted boundary. The full Hamiltonian is rewritten by
where [24, 25] . The Pfaffian of anti-symmetric 2n-by2n matrix A generally reads
and Pfaffian of h(φ), the Majorana number is given by
where A {1,k} is the 2(n − 1)-by-2(n − 1) minor matrix of A that is obtained by deleting the 1st and kth rows as well as those columns. After performing a recursive procedure (see Appendix A), we obtain the Pfraffian of the coupling matrix h as follows,
We thus obtain the Majorana number
(16) We can easily verify that the boundary where M changes from 1 (trivial) to −1 (non-trivial) corresponds to the phase boundary in Fig. 1 .
IV. BULK PROPERTIES OF SPINLESS FERMIONS
Next, we discuss bulk properties in our model: dispersion relations of the quasi-particle and a string order of the Haldane state.
A. Disperison relation and winding number
The momentum k representation of the Hamiltonian is given by
with T . The matrix H k is rewritten as a linear combination of direct products of the Pauli matrices σ,
In this formalism, we can obtain a block-diagonal matrix as follows,
with a unitary matrix
Therefore, we find the eigenvalues ǫ ± 1 and ǫ ± 2 by diagonalizing the submatrices:
and
(23) If we consider positive values of λ and γ, it is enough to discuss only ǫ ± 2 to determine the bulk gap because |ǫ for λ = γ and at k = 0 for λ = γ −1 . This implies that the two different boundaries in Fig. 1 have different characteristic even in the momentum space, where the bulk gap closes at the different momentum.
Furthermore, we can define a winding number in Eq. (20) with mapping the Pauli matrices to the unit vectors (σ y , σ z ) → (ŷ,ẑ) [26] . This mapping gives an R 2 ⊕ R 2 representation of the block-diagonalized Hamiltonian (20) , that is, extended Anderson pseudo-vectors [26, 27] obtained as v 1 ⊕ v 2 with v 1 = −(1 + λγ) cos kẑ + (λ + γ) sin kŷ and v 2 = (1−λγ) cos kẑ −(λ−γ) sin kŷ. Thus, the winding number is defined by
where the integrated region is given by k ∈ [0, 2π], which is consisted with the result in Ref. [18] . The Majorana number is also given by the winding number M = cos (πn w ), which is consistent with the Majorana number obtained by the Pfaffian.
B. String order of Haldane state
Finally, we investigate a string order of the Haldane state as a topological order parameter in the bulk. As a natural extension of the string order in an S = 1 Haldane chain, we examine a correlation function of the string order as follows,
where the left (right) site is defined by L r = N/2 − r/2 + θ(γ) (R r = N/2+r/2+θ(γ)) with the Heviside step function θ(x). This correlation function is easily calculated for two cases: (i) λ = 1, γ = 0 and (ii) λ = 0, γ = −1. The case (i) and the case (ii) correspond to the topological state (M = −1) with a MZM and the topologicallyordered state with a trivial Majorana number M = 1, respectively. The ground state of the case (i) is given by a MPS representation,
where |0 denotes the vacuum, i.e., c j |0 = 0 for an arbitrary j [28] . The relation 0|e ±cj σ j e ±c † j |0 = 0| n j ± (c j + c † j ) |0 = 0 gives the trivial correlation function C str (r) = 0. On the other hand, the groud state of the case (ii) is a direct product of singlet states as follows,
where the left and right vector operator are defined by v
, respectively. In this case, the correlation function has a non-zero constant value C str (r) = 1/4. Figure 3 shows the correlation function of the string order C str (r) with fixed γ = −0.75. This is numerically obtained by variational MPS calculation for an N = 512 system [29, 30] . In Fig. 3 , we can see that the correlation function converses to finite value with increasing the length r in the M = 1 phase, whereas it exponentially decreses in the topological phase with an MZM (M = −1). Therefore, the M = 1 phase corresponds to the Haldane state, where non-zero string order parameter emerges in the bulk. 
V. SUMMARY
We theoretically study the effects of bond alternation on the Kitaev chain, as an extention of preceding work [18] . Three analytical approaches, the recursive equation of MZM, the fidelity of MZM amplitude, and the Pfaffian of coupling matrix, are used to examine phase transition between the MZM phase and the Z 2 topologically ordered phase. In the extended phase diagram, it is found that there are two phase boundaries with a reentrant phenomenon, where the bulk gap closes at different momenta. In addition, we find that the phase transition is caused by switching the edge position of MZMs, and we can distinguish the two phases transition with the Majorana number M obtained by the Pfaffian. Several preceding studies have reported that the MZM is robust against perturbations such as a repulsive interaction and disorders [28, [31] [32] [33] [34] [35] [36] , and thus the Kitaev model is expected as a quantum memory [37, 38] , e.g., in a quantum nano wire [39, 40] . Consequently, our study not only provides a simple model bridging between the bulk and edge topologies, but also indicates the possibility of the reentrant topological phase transition in real systems [23, 41] . We finally obtain
(A.14)
